We perform extensive molecular dynamics simulations of dense liquids composed of bidisperse dimer-and ellipse-shaped particles in 2D that interact via purely-repulsive contact forces. We measure the structural relaxation times obtained from the long-time α-decay of the self-part of the intermediate scattering function for the translational and rotational degrees of freedom (DOF) as a function of packing fraction φ, temperature T , and aspect ratio α. We are able to collapse the packing-fraction and temperature-dependent structural relaxation times for disks, and dimers and ellipses over a wide range of α, onto a universal scaling function F±(|φ−φ0|, T, α), which is similar to that employed in previous studies of dense liquids composed of purely repulsive spherical particles in 3D. F± for both the translational and rotational DOF are characterized by the α-dependent scaling exponents µ and δ and packing fraction φ0(α) that signals the crossover in the scaling form F± from hard-particle dynamics to super-Arrhenius behavior for each aspect ratio. We find that the fragility at φ0, m(φ0), decreases monotonically with increasing aspect ratio for both ellipses and dimers. For α > αp, where αp is the location of the peak in the packing fraction φJ at jamming onset, the rotational DOF are strongly coupled to the translational DOF and the dynamic scaling exponents and φ0 are similar for the rotational and translational DOF. For 1 < α < αp, the translational DOF become frozen at higher temperatures than the rotational DOF, and φ0 for the rotational degrees of freedom increases above φJ . Moreover, the results for the slow dynamics of dense liquids composed of dimer-and ellipse-shaped particles are qualitatively the same, despite the fact that zerotemperature static packings of dimers are isostatic, while static packings of ellipses are hypostatic. Thus, zero-temperature contact counting arguments do not apply to structural relaxation of dense liquids of anisotropic particles near the glass transition.
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I. INTRODUCTION
One of the hallmarks of glassy behavior in dense liquids is the rapid increase in the stress and structural relaxation times as the density is increased or the temperature is lowered toward the glass transition [1] . Several recent studies have characterized how the fragility, i.e. the rate of increase of the stress and structural relaxation times with decreasing temperature near the glass transition [2] , depends on the packing fraction in dense liquids of spherical particles that interact via purely repulsive contact potentials [3] [4] [5] [6] . In particular, Refs. [5, 6] have shown that for dense liquids composed of bidisperse spheres in three dimensions (3D) the temperature and packing fraction dependence of the structural relaxation time τ can be collapsed onto two master curves, one for φ > φ 0 and another for φ < φ 0 . For φ < φ 0 , the scaling function reduces to hard-sphere behavior τ ∼ exp[A/|φ 0 −φ| δ ] in the zero-temperature limit (T → 0), where A > 0 is a constant and δ is a scaling exponent that does not depend on the form of the repulsive contact potential. For φ > φ 0 , the temperature dependence of the structural relaxation time is super-Arrhenius and the fragility increases with packing fraction. For 3D bidisperse spheres, φ 0 ∼ 0.635, which is distinct from the jammed packing fraction φ J for both fast and slow packing-generation protocols [5] [6] [7] [8] .
Despite the fact that there have been a number studies of the rapidly growing structural and stress relaxation times near the glass transition in dense liquids composed of anisotropic particles [9] [10] [11] [12] [13] [14] , there have been few quantitative calculations of the fragility of dense liquids as a function of the particle shape. In this article, we investigate the slow dynamics of both the translational and rotational degrees of freedom in dense amorphous liquids composed of bidisperse dimer-and ellipse-shaped particles in two dimensions (2D) that interact via purely repulsive contact forces as a function of temperature, packing fraction, and aspect ratio.
We address several important questions: 1) What are the forms for the structural relaxation times for the translational and rotational degrees of freedom for dimerand ellipse-shaped particles as a function of temperature and packing fraction? 2) Can we identify master curves for the structural relaxation times for φ > φ 0 (α) and φ < φ 0 (α) for each α similar to those found for spherical particles at α = 1? 3) Are the slow dynamics of dense liquids composed of anisotropic, elongated particles more or less fragile near φ 0 (α) than spherical particles? 4) Do differences in microscale geometrical features lead to qualitative changes in structural relaxation in sys-tems composed of anisotropic particles? To address these questions, we performed extensive molecular dynamics simulations of supercooled liquids composed of frictionless, purely repulsive dimer-and ellipse-shaped particles in 2D over a wide range of temperature T , packing fraction φ, and aspect ratio α. We find four key results. First, we show that the structural relaxation times for dimer-and ellipse-shaped particles in 2D obey scaling forms similar to that for 3D systems composed of bidisperse spheres [5, 6] . In particular, we find that there is an aspect-ratio dependent packing fraction φ 0 (α) below which the structural relaxation time converges to hard-particle behavior in the zero-temperature limit and above which the structural relaxation time grows super-Arrheniusly with decreasing temperature. Second, we identify a universal scaling form F ± (|φ − φ 0 |, T, α) (F − for φ < φ 0 (α) and F + for φ > φ 0 (α)) that collapses the structural relaxation times for all 2D particle shapes studied, including bidisperse disks and both dimer-and ellipse-shaped particles over a wide range of α. For small α, the rotational degrees of freedom (DOF) are not 'caged' at temperatures where the translational degrees of freedom become frozen, and φ 0 (α) for the rotational degrees of freedom increases above φ J (α). For α > α p (the location of the peak in φ J (α) [15] ), the rotational degrees of freedom are strongly coupled to the translational degrees of freedom, and obey scaling functions with similar scaling exponents. Third, the fragility at φ 0 decreases monotonically with increasing aspect ratio for both dimers and ellipses. Finally, we do not find qualitative differences in the slow dynamics of dense liquids composed of dimerand ellipse-shaped particles, despite the fact that dimer packings at zero temperature are isostatic [16] at jamming onset with on average six contacts per particle in 2D (z = z iso = 6) for 1 < α ≤ 2, whereas ellipse packings at zero temperature are hypostatic with z < z iso over the same range in α [15] . Naively, one might have expected that the structural relaxation times for hypostatic systems decay more quickly than those for isostatic systems at a given packing fraction |φ − φ J (α)| and temperature T . However, we show that counting arguments for zero temperature packings do not apply for dense liquids composed of anisotropic particles near the glass transition. The organization of the remainder of the article is as follows. In Sec. II, we describe the methods we employed to measure the structural relaxation times for the translational and rotational degrees of freedom for dense liquids composed of anisotropic particles in 2D. As a test of our methods, we show in Sec. II the results for the collapse of the structural relaxation times for dense liquids composed of 2D bidisperse disks onto the scaling form F ± (|φ − φ 0 |, T ) used in Refs. [5, 6] for 3D bidisperse spheres. In Sec. III, we present our novel results for the structural relaxation times for the rotational and translational degrees of freedom for dimer-and ellipse-shaped particles as a function of temperature, packing fraction, and aspect ratio, and show that the relaxation time data for dimers and ellipses can be collapsed onto a generalized scaling function F ± (|φ − φ 0 |, T, α). In Sec. IV, we summarize our results and identify several important open questions for future research studies. The Appendix includes additional numerical calculations of the systemsize dependence of the structural relaxation times and nematic order as a function of temperature and packing fraction that supplement the results in Sec. III.
II. METHODS
We performed molecular dynamics (MD) simulations of systems composed of bidisperse, frictionless rigid dimer-and ellipse-shaped particles with mass m in 2D that interact via purely repulsive contact forces. We chose bidisperse systems, where half of the particles are large with major axis a l = 1.4 and half are small with major axis a s = 1, to prevent positional and orientational ordering. We varied the aspect ratio (ratio of the major and minor axes) α = a l /b l = a s /b s in the range 1 ≤ α ≤ 2.2. (See Fig. 1 .) Note that rigid dimers with α 2 possess a small gap between pairs of monomers that comprise a given dimer. We employed periodic boundary conditions in a square cell with length L and studied system sizes in the range N = 64 to 256 particles to assess finite-size effects. The particles interact via the pairwise, purely repulsive linear spring potential,
where ǫ is the characteristic energy scale of the repulsive interaction, Θ(x) is the Heaviside step function, so that particles only interact when they overlap, and σ ij is the contact distance between particles i and j that in general depends on the particle orientations and separation vector r ij . For ellipses, r ij connects the centers of mass of ellipses i and j as shown in Fig. 2 , while for dimers, r ij connects monomers i and j on distinct dimers k and l. For dimers, σ ij = (σ i + σ j )/2, where σ i is the diameter of monomer i. The method for calculating the contact distance between two ellipses is discussed in detail in Ref. [17] . Both the large and small ellipses possess the same moment of inertia I e = (a l /a s )mb 2 (1 + α 2 )/16, while the small dimers have a moment of inertia I ds = mb 2 (α − 1) 2 /4 and large dimers have a moment of inertia
We chose ǫ and b m/ǫ as the energy and time units.
To prepare the systems at a given temperature, we first solve Newton's equations of motion using the ve- locity Verlet algorithm with a velocity rescaling thermostat [18] using a time step ∆t = 0.01. We then equilibrate and study the system dynamics without the thermostat in the NVE ensemble. To identify the structural relaxation times, we measure the self-part of the intermediate scattering function (ISF) for the translational degrees of freedom,
where the wavenumber q = 2π/a l , N l = N/2 is the number of large particles, and · indicates an average over the orientations of q and time origins. To quantify relaxation of the rotational degrees of freedom, we calculated
where θ i is the angle between the orientationû i of particle i and the horizontal axis and · indicates an average over time origins. For most studies, we focused on n = 1, in which case relaxation of the ISF occurs when the dimeror ellipse-shaped particles flip by π. We measured the structural relaxation times for dense liquids composed of bidisperse disks, dimer-, and ellipseshaped particles over a wide range in packing fraction from 0.75 to 0.94, temperature from 10 −2 to 10 −6 , and aspect ratio 1 < α < 2. In this regime, the ISF for the translational and rotational degrees of freedom display stretched exponential relaxation
at long times in the α-decay regime, where C t and C r are prefactors, β t and β r are the stretching exponents, and τ t and τ r are characteristic relaxation times for the translational and rotational degrees of freedom, respectively. In Fig. 3 we show the ISF for the translational degrees of freedom for bidisperse disks in 2D with fits to the stretched exponential form (Eq. 4) at long times. We find that the stretching exponent β t decreases with increasing packing fraction and decreasing temperature (lower inset to Fig. 3 ). In Sec. III, we will show results from measurements of the decay of the self-part of the intermediate scattering function for both the translational and rotational degrees of freedom for dimer-and ellipseshaped particles as a function of φ, T , and α. Prior to all measurements, we run MD simulations of the system for 10 times the longest relaxation time τ to reach metastable equilibrium. TABLE I : Dynamic scaling exponents µ and δ obtained from fitting the structural relaxation time τt(φ, T ) for the translational degrees of freedom to the form in Eq. 7, fragility m(φ0) = µδ/2 at φ0, and the packing fractions φ0, φ f J , and φ s J for dense liquids composed of bidisperse, purely repulsive disks in 2D and spheres in 3D [5] .
We also monitor the positional and orientational ordering of the systems as a function of decreasing temperature by measuring the bond orientational order [19] and nematic order parameter
where θ is the average particle orientation in a given configuration and the angle brackets indicate an average over independent configurations. As shown in the snapshots of the configurations in Fig. 4 , we do not find significant positional or orientational ordering in dense liquids of bidisperse dimer-and ellipse-shaped particles.
In previous studies of slow dynamics in dense liquids, Witten and Berthier [5] identified a dynamical scaling relation, which collapsed the structural relaxation time τ (φ, T ) from the self-part of the intermediate scattering function for bidisperse, purely repulsive spheres in 3D over a wide range of temperature and packing fraction. The scaling function F ± assumes two different forms above and below φ 0 ∼ 0.635, and is only a function of |φ 0 −φ| 2/µ /T , where µ is an exponent that controls the scaling of the potential energy with temperature, V ≈ V 0 T µ , near φ 0 . These studies showed that τ t displays hard-sphere dynamics in the zero-temperature limit for φ < φ 0 , but τ t displays super-Arrhenius behavior with decreasing temperature for φ > φ 0 . For φ → φ 0 , x ≡ |φ 0 − φ| 2/µ /T ≪ 1 and F ± (x) ∼ x δµ/2 , which implies that τ ∼ exp(A/T µδ/2 ) and the fragility m(φ 0 ) = µδ/2 at φ 0 for T → 0 is controlled by the scaling exponents µ and δ. The scaling exponent δ does not depend of the form of the purely repulsive contact potential. The results for the scaling exponents µ and δ, φ 0 , and fragility m(φ 0 ) from Ref. [5] are shown in Table I for dense liquids composed of bidisperse, purely repulsive spheres in 3D.
In Ref. crossover from hard-sphere dynamics to super-Arrhenius temperature dependence of τ ) to the packing fraction φ J at jamming onset. Numerous studies have shown that φ J for frictionless, purely repulsive spherical particles depends on control parameters in the jammed packinggeneration protocol (e.g. the compression and energy dissipation rates) [8, [20] [21] [22] as shown schematically in Fig. 5 . In the limit of infinitely fast rates, the most dilute and disordered mechanically stable packings at φ [7] and φ s J ≈ 0.662 [5] . The scaling analyses in Refs. [5, 6] for the structural relaxation times for 3D bidisperse systems suggest that φ 0 < φ f J .
Recent experimental [23, 24] and computational [15, 25] studies have shown that the average jammed packing fraction (in the limit of fast quenching rates) φ J (α) for static packings of anisotropic frictionless particles increases with aspect ratio α from 'random close packing' [26] at α = 1, reaches a peak near α p ∼ 1.5 (where α p depends on the specific particle shape and spatial dimension), and decreases continuously beyond α p . (See Fig. 7 for a plot of the jammed packing fraction φ J (α) for ellipses and dimers as a function of aspect ratio in two dimensions (2D).) In these studies, the jammed packings were created using 'fast' packing-generation protocols, and thus these packings do not possess significant positional or orientational order [17, 27, 28] . 
III. SCALING ANALYSIS FOR THE STRUCTURAL RELAXATION TIMES
In this section, we describe our measurements of the structural relaxation time τ from the self-part of the intermediate scattering function for the translational and rotational degrees of freedom for bidisperse disks, dimerand ellipse-shaped particles. We will investigate the extent to which the scaling relation in Eq. 7 holds for 2D systems as a function of aspect ratio and determine the variation with aspect ratio of the fragility at φ 0 (α) that signals the crossover from hard-particle dynamics to super-Arrhenius temperature dependence. We find no significant positional or nematic ordering with decreasing temperature over the full range of packing fraction and aspect ratio. (See Fig. 16 that shows the nematic order parameter P 2 1/ √ N for α = 1.8 ellipses over a wide range of packing fraction and temperature.)
We first focus on the slow dynamics of dense liquids composed of bidisperse disks in 2D near jamming to compare our results with those obtained for dense 3D liquids of bidisperse spheres [5, 6] . The structural relaxation time τ t obtained from the self-part of the intermediate scattering function is plotted versus the inverse temperature 1/T in Fig. 6 (a) over a wide range in packing fraction from φ = 0.75 to 0.94. One can clearly identify a change in the form of the structural relaxation time as the packing fraction increases above φ 0 ≈ 0.82 − 0.84. In Fig. 6 (b) , we collapse the data in (a) using the scaling form in Eq. 7 by plotting |φ 0 − φ| δ log(τ t √ T ) versus |φ 0 − φ| 2/µ /T . The exponent µ is obtained from the power-law scaling of the total potential energy V with temperature for φ ≈ φ 0 [5, 6] . In the inset to Fig. 6 (b) , we show that V ∼ T µ over several orders of magnitude in temperature with an exponent µ = 1.25, which is similar to the corresponding value for 3D bidisperse spheres, µ 3D = 1.3 [5] . The scaling form for the structural relaxation time possesses two distinct branches: F + for φ > φ 0 and F − for φ < φ 0 . To obtain Fig. 6 (b) , we chose the combination of parameters φ 0 = 0.831, µ(φ 0 ) = 1.25, and δ = 1.19 that yielded the tightest collapse of the τ t data in Fig. 6 (a) . For 2D bidisperse systems, we find that the fragility at φ 0 , m(φ 0 ) = 1.2, which is slightly lower than the comparable value, m(φ 0 ) = 1.4, for 3D bidisperse spheres. (See Table I .)
In Figs. 8 and 9 , we show the ISF for the translational and rotational degrees of freedom for dimers and ellipses, respectively, over a range of temperatures at comparable values of the packing fraction φ − φ J (α) for aspect ratio α = 1.6 above α p at which the peak in φ J (α) occurs ( Fig. 7) . For both dimers and ellipses, the decay of the ISF for the translational and rotational degrees of freedom at long-times can be described using a stretched exponential form as shown in Fig 10. For α α p the rotational degrees of freedom are strongly coupled to the translational degrees of freedom and τ r ∼ τ t . For both dimers and ellipses, the 'plateau' value of the ISF is larger for the rotational degrees of freedom compared to that for the translational degrees of freedom. The only significant difference between the intermediate scattering functions for dimers and ellipses in Figs. 8 and 9 is that the plateau value for the translational degrees of freedom is smaller (F t ∼ 0.6 -0.7) compared to that for dimers (F t ∼ 0.95), which indicates that the 'cage' size for ellipses is larger than that for dimers.
We use a similar procedure to that employed for bidisperse disks to collapse the data for the structural relaxation times τ r and τ t for dimer-and ellipse-shaped particles using the scaling form in Eq. 7. Examples of the collapse of the structural relaxation times for the translational degrees of freedom for dimers and ellipses are shown in Figs. 11 and 12 , respectively, at aspect ratio α = 1.8. Similar collapse for τ r is found for both dimerand ellipse-shaped particles. Also, the quality of the data collapse is the same for dimers and ellipses. We plot the characteristic packing fraction φ 0 (α) that signals the change in scaling form for τ (φ, T ), the scaling exponents µ and δ, and the fragility m(φ 0 ) for the rotational and translational degrees of freedom as a function of aspect ratio α for dimers and ellipses in Figs. 13 and 14 , respectively.
For dimers, the fragility m(φ 0 ) for the translational degrees of freedom decreases by a factor of ≈ 2.5 with increasing aspect ratio from m(φ 0 ) ≈ 1.2 at α = 1 to ≈ 0.5 at α = 1.8. The decrease in fragility is caused by the decrease in the scaling exponent δ (and thus insensitive to the form of the purely repulsive contact forces) because µ ∼ 1.25 is nearly constant over this range in aspect ratio. The fragility for the rotational degrees of freedom decreases by a similar factor to that for the translational degrees of freedom for α ≥ 1.2. In addition, in Fig. 13 (a) we show that the α-dependence of φ 0 for the translational degrees of freedom matches that for φ J , i.e. nonmonotonic dependence on α with a peak near α p ≈ 1.4, and φ 0 satisfies φ 0 (α) < φ J (α). For α ≥ α p , φ 0 is the same for the translational and rotational degrees of freedom. However, for α < α p , φ 0 for the rotational degrees of freedom increases with decreasing α and becomes larger than φ 0 for the translational degrees of freedom and φ J . This strong increase in φ 0 for the rotational degrees of freedom at small α indicates the existence of a 'rotator', amorphous, solid-like regime [29] at low temperatures, where the translational degrees of freedom are frozen, but the rotational degrees of freedom are liquid-like. We show that these results are nearly independent of system size by comparing the scaling collapse of the structural relaxation times for the translational degrees of freedom for systems composed of N = 64 and 200 dimers at aspect ratio α = 1.3 in Fig. 17 .
We find quantitatively similar behavior for the dependence of the scaling exponents µ and δ, fragility m(φ 0 ), and packing fraction φ 0 on aspect ratio for ellipses and dimers as shown in Fig. 14. A minor difference between dimers and ellipses is the weaker decrease in φ 0 and φ J with increasing aspect ratio α. Again, φ 0 for the rotational degrees of freedom increases above φ 0 for the translational degrees of freedom and φ J for α α p , which indicates the onset of the 'rotator' regime for low aspect ratios. In Fig. 15 we show that we are able to collapse all of the structural relaxation time data for the translational and rotational degrees of freedom for bidisperse dimers and ellipses using the generalized scaling form
where c(α) is an α-dependent prefactor that is different for the translational and rotational degrees of freedom and x ≡ |φ − φ 0 | 2/µ /T . Thus, we find that the scaling behavior of the structural relaxation times for dimers and ellipses is nearly identical over a wide range of aspect ratios, despite the fact that static packings of dimer-shaped particles are isostatic while static packings of ellipse-shaped particles are hypostatic at zero temperature.
IV. CONCLUSIONS
We performed extensive molecular dynamics simulations of the slow dynamics in dense liquids composed of bidisperse, purely repulsive dimer-and ellipse-shaped particles in 2D. We showed that a similar scaling form to that identified for structural relaxation for spherical particles [5, 6] is able to collapse the packing fraction and temperature-dependent structural relaxation times for the rotational and translational degrees of freedom for dimer-and ellipse-shaped particles over a wide range of aspect ratios α (Fig. 15) . Thus, the dynamical critical point at T = 0 and φ = φ 0 studied in Refs. [5, 6] for dense liquids composed of purely repulsive spheres can be generalized to T = 0, φ = φ 0 , and α = 1, and this dynamical critical point controls the temperature, packing fraction, and aspect-ratio-dependent fragility of dense liquids composed of dimer-and ellipse-shaped particles. Furthermore, we find qualitatively and quantitatively similar results for the dynamical scaling exponents, packing fraction φ 0 that signals the crossover from hard-particle dynamics to super-Arrhenius temperature dependence, and fragility m(φ 0 ) for dimer-and ellipse-shaped particles. In particular, for dimers and ellipses the fragility at φ 0 decreases monotonically with increasing aspect ratio. Thus, the microscale differences in shape between dimers and ellipses do not give rise to important differences in the slow dynamics of structural relaxation in dense supercooled liquids of anisotropic particles. In contrast, static packings of dimers at zero temperature are isostatic, while static packings of ellipses are hypostatic, which leads to significant differences in the density of vibrational modes and static shear modulus at zero temperature [17, 27] .
These findings suggest several important future studies. First, we will investigate possible causes of the decrease in fragility of dense liquids composed of elongated particles with increasing aspect ratio, including an increase in the number of inherent structures [30] and vibrational entropy [1] with increasing α. Second, is there a nonequilibrium, finite-temperature regime where microscale differences between anisotropic particle shapes can cause significant differences in the time-dependent structural and mechanical response of the system? To address this question, we will subject jammed packings of dimers and ellipses to weak thermal fluctuations (much below the temperatures studied in the present manuscript) and measure the time-dependent structural and stress relaxation.
In this section, we provide additional numerical calculations that supplement the results presented in Sec. III. In Fig. 16 , we show the average nematic order P 2 (Eq. 6) for dense liquids composed of ellipses with α = 1.8 versus 1/T over a wide range of packing fractions above and below φ 0 . P 2 1/ √ N for all systems studied, which indicates that the ellipse orientations are disordered. We obtain similar results to those in Fig. 16 for dense liquids of bidisperse dimers over the range of T , φ, and α considered. In Fig. 17 , we investigate the effect of system size on the structural relaxation times. We show that the scaled structural relaxation times for the translational degrees of freedom for dense liquids composed of dimers for two system sizes (N = 64 and 200) are nearly identical. Similar results to those in Fig. 17 for dimers hold over the full range of aspect ratio considered. We also find that there are negligible system-size effects for the structural relaxation times for ellipses with N ≥ 64 for 1 < α < 2. 
